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SUMMARY. Smoothingsplinesarea popularapproactor non-parametricegressiorproblems We
useperiodicsmoothingsplinesto t a periodicsignal plus noisemodelto datafor which we as-
sumethereare underlyingcircadianpatterns.In the smoothingspline methodology choosingan
appropriatesmoothnesgarameteis animportantstepin practice. In this paper we drav a con-
nectionbetweersmoothingsplinesandREACT estimatorghatprovidesmotivationfor thecreation
of criteriafor choosingthe smoothnesparameterThe new criteriaarecomparedo threeexisting
methods,namely cross-alidation, generalizedcross-alidation, and generalizatiorof maximum
likelihoodcriteria,by a Monte Carlo simulationandby anapplicationto the studyof circadianpat-
terns. For mostof the situationspresentedn the simulations,includingthe practicalexample,the

new criteriaout-performthe threeexisting criteria.
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1 Intr oduction

Mostorganismgyeneratghysiologicalandbehaioral measurementisith oscillationgRe-
netti andMenaler 1992). It is quite commonfor theseoscillationsto have a 24 hours
period. In this case we referto themascircadianpatternsor circadianrhythms Various
researcherbave usedstatisticalmodelsto describedatabelievedto containcircadianpat-
terns,seefor example GreenhouseKass,andl'say (1987) and Wangand Brown (1996).
Modeling circadianpatternscan have practicalapplications,for examplelrizarry et al.
(2001)usedcircadianpatternestimatedo asses$iomeostasign mice. In general,oneis
interestedn describingecircadianpatternsassmoothfunctionsof timesbut the datausedto
estimatehesepatternausuallycontainsnoise. The problemof estimatingcircadianshapes
is commonlyviewedasa non-parametricegressiorproblem.
Smoothingsplinesareapopularapproactor non-parametricegressiorproblems.For

example thewidely usedS-Plusfunctiongam() usedocalregressiorlo() andsmooth-
ing spliness() ashuilt-in smoothergdHastie1993). Many authors,Schoenbey (1964),
Reinsch(1967),WahbaandWold (1975),andSilverman(1985)to namea few, have stud-
ied smoothingsplinesanddemonstratedesirabletheoreticalproperties.Some for exam-
ple Rice andRosenblat{1983),have developedasymptoticresultsfor smoothingsplines.
For a goodreview of spline methodsin statisticsseeEubank(1988)andfor a complete
theoreticatreatyseeWahba(1990).

Whenusingsmoothingsplinesone doesnot needto choosethe locationof knotsand



the smoothnessf the estimates controlledvia one parameterusuallyreferredto asthe
smoothnesparameteanddenotedn this paperwith . This makesthe proceduresasyto
implementin practice.In Section2 we describesmoothingsplinesin moredetail.
Choosingan appropriate is animportantstepin practice. A thatis “too closeto
zero” will yield an estimatepractically equivalentto the data,anda thatis “too big”
will produceanestimatepracticallyequivalentto thelinearregressiorestimateof the data.
Crossvalidation(CV) andgeneralizeaross-alidation(GCV) (CravenandWahba(1979))
are popularapproachegor nding an appropriatecriterion and are the two procedures
availablethroughthe S-Plusfunction smooth.spline() . Theseprocedurehave been
criticizedfor choosing sthatare“too small” (Hastieand Tibshirani,page52) andother
approachebave beenproposedfor exampleWahbas (1985)GeneralizedvlaximumLik e-
lihood (GLM) criterion. In Section3, for a regulartime seriesperiodicsignalplus noise
model,we establisha connectiorbetweersmoothingsplinesandBerans (2000) Risk Es-
timation After Coordinatelransform(REACT) estimatoranduseit to motivatea new cri-
terionfor choosinghe smoothnesparameterAs describedn Section4 this nev method,
which we will referto asthe REACT criterionfor choosingthe smoothnesparametetis
convenientfrom a computationaperspectie. Furthermorewe compareits performance
by comparingmeansquarecerror (MSE), througha Monte Carlosimulation,to CV, GCV,

andGLM. In Section5 we comparehe methodgshrougha real-dateexample.



2 Smoothingsplines
Considerthe signalplusnoisemodel
yi=s(t)+"ii=Liinmty < tii <ty 2 [01] (1)

where" = ("1;:::5;"0)%  N(O; 2, ,), 2 is unknovn ands somefunctionin the

senttheunderlyingcircadianpatternand” representsneasuremerdrrorandervironmental

variation.

Thesmoothingsplineestimatas de ned asthefunctions 2 WJ'[0; 1]yieldingthe” that

minimizesa penalizedeastsquaregriterion,

z
1. . !
_iy 2+ f (™ (u)g? du (2)

0
withjy  j?= P n Ty s(t;)g” : Throughouthetext wewill beusingthehatnotation,
for example’\, to denoteestimatesn general.In differentpartsof thetext the meaningof,
say " changesHowever, the meaningshouldbe clearfrom the context.
For m = 2, Reich(1967)proved that, givena , the solutionto minimizing (2) is
a naturalcubic splinewith knotsatt,;:::;t,. Thisimpliesthatwe canwrite the that

minimizes(2)as® = N(NN+ ) Ny whereN and aren n matricesde nedby
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Hastie,andTibshirani1989).Usingbasicmatrix algebrarickswecan nd n n matrices

U and ,with diagonalsuchthatwe canre-write * as
A= U(n g ) 1U%/ 3)

Notice(l, n ) lisadiagonaimatrixandlaterwe denotehevectorof diagonakentries
asf( ).

Becuasef thenatureof the datadescribedn Section5 andbecauseircadianpatterns
areperiodicwe considelthe caseof periodicsmoothingsplinesfor regulartime serieswith
equallyspacedknots. Furthermoredescribingthe REACT methodologyfor choosingthe
smoothnesparametecanbedonein asimplefashionfor this case . However, in Section6

we describenow this methodcanbeextendedo thegenerakases a straight-forvardway.

2.1 Periodic smoothingsplines

In this sectionwe considerthe casewheres 2 W,"[0; 1] is periodic,i.e. s(0) = s(1) and

s©) = s(1);1 = 1;:::;m, andthe datais a regular time series,i.e. t; = i=n;i =

minimizes(2) is well approximatedy afunctionof theform

nx2 1 p B nx2 1 p _
s(t)=a+ a 2coq2 jt)+ b 2sin(2 jt) + a,-ocos( nt):  (4)
j=1 j=1

LetUpgt bethen n orthogonadiscreteFouriertransform(DFT) matrixde ned by

Ui = fn ¥gi=1:::;n



Uy = f@=n)cos2j t)gi=1L::5;nj=1:::;n=2 2
Ui+ = f@=nMsin j t)gi=1::5n)=1L::5n=2 1

fn ¥ coq i)gi=1:::;n (5)

<
s
]

anddenotez = U%_;y and = U3.; . Noticethatz is the spectraldecompositiorof
y. We canuseFourier's theoremo shaw thatfor functionsof theform (4), minimizing (2)

is equivalentto minimizing

8 9
<nx2 1 =

1 . . 1
diz o (@ + )2 )" + S N, (6)
- ;
. . . P n= P n=
withjz 2= "2(a &) [ (b B)2% where(ao; a8 11 158022)
z, andeasilyshav thatthevalue thatminimizes(6)isf( )z, withf( ) an dimensional
vectorandthemultiplicationcomponent-wiséasin S-Plusor matlab).Furthermoretaking

thederwvative of (6) andsolvingfor 0 givesus,whatwe will call, theshrinkage coefcients

FOY=ffo,fa( ), Fa( )ssinFuma 2( ) Frez 2( ), Frea( )gPin closed-formwith
fo=Lfi()=f1+ (2 ))™g % =15 Lfeo( )=f1+05 ( n)®g = (7)

BecauséJ p g 7 is anorthonormatransformatiorwe have thatthe estimatothatminimizes
(2)isUperf( )z

Noticethatwe areassuminghatn is even. Thisis donewithoutlossof generality If n
wereodd,all theabove remainghesameexceptn=2 1becomegn 1)=2 andtheterms
indexed by n=2 areignored.

In summary we have noticedthatfor a regular time seriesperiodic signal plus noise
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model, the smoothingspline estimateof s, for a given , canbe well approximatecdoy
Uperdiadf( )JUY-;y andwe have closedform expressiondor Uprt andf( ). This
canbe viewed as” Itering” the datay usinga lter de ned by thef which arein turn
de nedby andthesmoothingsplineprocedure.

As mentionedchoosing is animportantstepin practice.A popularway of precisely
de ning anoptimal is to usethe expectedMSE or risk, thatis to choosethe yielding

theestimate® thatminimizes
e 2y — 1 H 12,
R(“: 1 =g & ®)

TheCV andGCYV criteriatry to estimatehe thatprovidesthe smoothingsplineestimate
A that minimizes(8). In the following sectionswe describethe REACT criterion for

choosing .

3 REACT

For datay arisingfromamodellike (1), Beran(2000)studieghelinearshrinkagesstimates
of = U° denedbyf”(f) fz;f 2 [0;1]"g with “(f) component-wisasin the
previoussectionandU is anorthonormabasistransformationThis impliesthattherisks
R(™; ; 2 = R("; ; ?) areidentical,soagoodestimateof will provide an estimate
for thatis just asgood. In Berans approach the transformationU is chosento be
an economicalbasis By economicalbasiswe meanthat we expectonly the rst few
componentof to be muchdifferentfrom O in absolutevalue. If this is the case,we
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canreducetherisk by shrinkingthe highercomponent®f z (the z;s for which we expect

i to be closeto 0) towards0. Notice thatfor a speci ¢ componentthe amountof bias
we add, (1 f;)? 2 is smallif ; is closeto 0, andthe varianceis reducedby a factor
of f 2, which is substantialf the amountof shrinkageis signi cant, i.e. f; is closeto 0.
Oncean appropriateeconomicabasishasbeenchosenREACT is data-drven procedure
that choosesa vector of shrinking coefcients f that minimize an estimateof risk, and
de nes the REACT estimatorof as”(f) = fz. This implies ~(f) = U"(f) is the
REACT estimatgor . Beran(2000)describesvaysto choose sothat”(f) hasdesirable
asymptotiqoroperties.

Turningour attentionbackto periodicsmoothingsplinesfrom (5) noticethatU p 1+ has
columnsthatareof increasinglyhigherfrequeng, i.e. columnsof decreasingmoothness.
If in facts is smooth,thenonly the rst few component®f = U%.; will be“much
different” from zeroin absolutevalue. For agiven we noticethatthe smoothingspline
estimatecanbethoughtof asaREACT estimatotU pr1"( ) withz = U,y and”( ) =
f( )z with the multiplication component-wise.Expression(7) shaws that this estimate
automaticallyshrinksthe “high-frequeng” component®f . Thebigger the morewe
shrink. Now we will seehow theideasusedto choosd in REACT estimationcanbe used
to selectappropriate sfor smoothingsplines.

P
Forary m 1lvectorx, letsum(x) = T, x; andave(x) = m sun(x) andnotice



we canwrite therisk of “(f ) = fz as
R('(); : 3= ave[ 22+ *f1 fg] ©)

with themultiplicationcomponent-wisasbefore.ldeally, if we knew therisk function(9),
we would estimate with fz with T thef 2 [0; 1]" minimizing (9). However, this ideal
linear estimator™ is unrealizablén practicebecause and 2 areunknowvn. Beran(2000)

considers

R(\(f);z;7%) = avelff  9g°2°] + ave[?Q]; (10)

with § = 1 "2=z2 and”? a “trust-worthy” estimatorof 2, asa surrogatefor the risk
de ned in (9) in identifying the bestcandidateestimators. Beran(2000) points out that
thevaluef = § thatminimizes(10) is inadmissiblebut thatby restrictingthe spaceof fs
over whichwe minimize (10) we obtainestimatesvith desirablepropertieqseeBeranand
Dumbgen(1998) and Beran(2000) for details). If we restrictthe spaceof fs to vectors
with theform de ned by (7) anddeterminedy thenour REACT estimators equialent
to a smoothingspline estimate. Furthermore theseestimateshave desirableasymptotic
propertiesasdescribedn the Appendix. Thismotivates whatwe call, theREACT criterion
for choosingsmoothingparametershatworks by constraininghe f with (7), denotingit

f( ), andchoosing by
N _ ; 2-521.
= arg g?ol;rlllave[ff( ) 09°z7; (1)

with § and~2 de ned asin (10). Thisin turn de nes the estimates' (") = f(*)z and



A™ = Uper (). Noticethatfor periodicsmoothingsplineswe have

nxe 1 A2 2 nxe 1( /\2! ) 2
avelff( ) 09°2°] / 1 -~ fi() &+ 1~ f0) F
j=1 4 j=1 ﬁ
A2 2
+ 1 2l foea( ) &y (12)

and nding " canbethoughtof asanexampleof estimatinga parameter usingweighted
leastsquaresvhereour dataarethe empirical shrinkage estimated). In Figurel we see
plots shaving an exampleof the functionf1+ (2 j)?"g ! tted to § andthe weights
usedin theweightedieastsquaregquation.

Obtaining” is computationallysimple.In S-Plusthe§; sandﬁ sareobtainedusingthe
function fft() andminimizing (12) canbe donewith ms() or nlminb() . The nal

estimate® canbe obtainedwith fft(...,inv=T)

3.1 Estimating 2

we don't have awayto constructanestimateof 2 basednresidualsThe rst difference

varianceestimator(Rice (1984))

A=f2n gt (i oy o1)?

provides an estimatethat is not basedon residuals. In practice,the procedurepresented

in the previous sectiondependsheaily on this estimate. In certaincircumstancessuch
R

ascaseswvhere ? is smallcomparedo Olf s(t)g? dt, 2 may provide an estimatethatis
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“too big”. In this Sectionwe proposeaniterative procedureghatpermitsusto “update”the
estimateof 2.

Startwith the rst differenceestimate{, anduseit in the REACT criterionto obtain
" ). Now we have a tted modeland canobtainresidualswhich we canuseto form an

updatecestimateof 2. We assumes(" ) Oandapproximate
Ey 7%= EyTuf (HUYTUf (Huyl (0 df) %

Werefertodf = sum‘f('\)zg astheeffectivedegreesof freedom We thenconstructanew
estimateof 2 with
Ay =(nodf) ty  Agi*
Continuethisiterative procedureuntil j* ,, " 1)) < with somesmallthreshold.

We will referto the obtainedwith this methodasthe REDACT choice,wherethe D

standdor “dynamic”. Whenno iterationsareperformedREDACT reducedo REACT.

3.2 Choosingm

Thevalueof m is usuallysetat 2, mainly becausét is the highestvalueof m for whichthe

spaceof smoothingsplinesolutionss of dimensiom whenknotsareassignedo thedesign

of choosinga hasbeenreducedto (11), the shrinkagecoefcients not only dependon
but on m andwe could minimize (12)over(; m) 2 [0;1 ] f1;2;:::g9. In factif we
arewilling to interpretfractionaldervatives (McBride 1986)we canminimize (12) over
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(;m2[0;1] [11).Aswewill seein thefollowing sectionsimulationssuggesthat
this procedureperformswell. In this paperwe will referto thesecriteriaasREACTm and

REDACTm.

4 Simulations

We have de ned a new way of choosingthe smoothnesparametefor smoothingsplines.
In this sectionwe compareghe REACT, REDACT, REACTm, andREDACTm criteriafor
choosing to CV, GCV, andGML usinga Monte Carlo simulation. We consider4 func-
tions with 4 different degreesof “smoothness”. The rst threefunctionsare: s,(t) =
(1 j2t 133, s,(t) = sin(2 t), andss(t) = P j8:l «cos(2t+ ) wherethe sand
kS arechoserfrom auniformdistributionon (0,1). Thefourthfunctionis aninterpolation
of alocalregressiont to the motorg/cle datapresentedn Silverman(1985). In Figure2
thesefunctionsareshavn. Noticethatall functionshave beenrescaledo have range[0,1].
For eachfunction we create100 simulationsbasedon model (1) with n = 50; 100
and250andwith = 0:025 0:05;0:1; 0:5 and 1. For eachsimulationwe t a periodic
smoothingsplinewith m = 2 andchoosdhesmoothingparametewith REACT, REDACT,
CV (whichin this caseis equialentto GCV),andGML. We also t aperiodicsmoothing
splineandchooseéboth andm with REACTm andREDACTm. We comparethe average
MSE over the 100 simulationsand alsolook at how frequentlyeachprocedurechooses

a producingan estimatewith lower MSE than GCV, which is the default of the S-Plus
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functionsmooth.spline() . Theresultsof the simulationarepresentedn Tablesl, 2,
3, and4 for functionsl, 2, 3, and4 respectrely. The GML worksbestwhenthe noisehas
largevariancej.e. = 0:5. However, in generathebestperformingcriteriaareREACTm
and REDACTm. For function 4, the roughestfunction, REACT and REDACT perform
betterthan REACTm and REDACTm exceptfor small valuesof n and in which the
GCV performsslightly better TheREACT criterionis notalwaysimprovedby theiterative
choiceof ~2. As we would expect, the iterative versionsseemto make animprovement
whenthevariances small.

Noticethatfor the comparisorwith n = 50, = 0:05for function1 we have thatthe
CV criterion hasa smalleraverageMSE thanthe REACT criterion but thatthe REACT
criterionchoosedetter for alargerpercentof the simulations.This of coursehasto do
with the randomnessf the simulation,but alsowith the factthatit is quite commonfor a
particularcriterionto have a few very badperformanceshatbring the MSE up, but apart
from theseit performswell.

Findingthe minimizing the GML wasnot computationallypossiblein all cases.A
zeroin the columnsin the tablesmeansno convergencewasachiaed. For function3
and4 cornvergencefor the GML wassorarewe removedit from thecomparisonThecode
generatinghesesimulationsareavailablein the Softwaresectionof theauthors webpage:

http://www.biostat.jhsph.edu/ ririzarr
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5 An Example

We have activity measurementsken every 30 minutesfrom an AKR mouse.AKR mice
areoneof mary animalswhoseactvity patternsarecircadian.Furthermorepur scienti ¢
intuition tells us thatthis patternis probablya smooth,up-during-the-nightiown-during-
the-daypattern(thesemice arenocturnal),it thusmakessensdo modelthe dataobtained
from theseanimalswith amodellike (1).

Physiologist have found that the shapeof this circadianpatterncan be used,for ex-
ample,to assessn animalshealth. Therefore, nding estimatesf the smoothcircadian
patternis usefulin practice.In Irizarry et al. (2001)the shapeof the circadianpatternis
usedto asseshiomeostasis.

We obsene this mousefor 47 differentdays,thuswe canconsidereachof thesetime
seriesasanindependenidentically distributedoutcomeof model(1). Averagingover the

47 daysprovidesanunbiasedstimateof  for whichit is easyto obtainpoint-wisestandard

usto assesfiow well our smoothingsplinesestimatewould have performedhadwe only
had oneday of data. In Figure 3 we comparethe estimatesbtainedwith the chosen
by CV andGML with REACT. Notice REACT choosesa smaller thatresultsin aless
smooth t that appeardo be more appropriate. Noitce in particularthat only with the
REACT estimatordo we see“two bumps”. We know the secondoumpiis “real” because

we have obseredtheanimalsbeingactive preparingherenestbeforesleeping.
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If we obtain ts for eachof the47 daysandobtaintheMSE of eacht usingtheaverage
of 47 day estimateasthetrue s(t) we nd thatREACT hassmallerMSE 29 times(62%)

andhasasmalleraverageMSE.

6 Extensions

In Section3 we motivatedandde ned the REACT criterionfor periodicsmoothingsplines
with equally spacedknots. Extendingto the generalcaseis relatively straight-forvard.
Notice thatin Section2.1 we usea transformatiomrmatrix U p gt for which we canform
linear shrinkagecoefcients in the context of Beran(2000)in closedform. In thegeneral
casethe vectorf( ) would be the diagonalentriesof (I, ) 1. Fromherewe can
proceedto de ne f( ) asin (7) butnow with f;( ) = f1+ ;g %j = 1;:::;n with
i the diagonalentriesof andthenproceedasbefore. The procedures no longeras
cornvenientfrom a computationaktand-pointbecauseve have to computethe andU
matricesof (3) but still quite practicalgiventhat S-Plushasfunctionssuchasqr() and
eigen() . However, noticethatminimizing over m is notasstraight-forvard.
In Section3.2we suggestethatwe shouldusethe REACTm criterionto choose and
m. By doingthiswe areessentiall}changinghotonly the penaltymultiplier but the penalty
itself. Thisideahasrecentlybeenexploredin greatdetailby HeckmanandRamsay2000).
Theauthorsnd thatby consideringdifferentpenaltycriteria, estimateghat performwell

areobtained.Theproceduralescribedn this papercanbe easilyextendedo be usedwith
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the procedurede ned by HeckmanandRamsg. Noticein particularthat the choicesof
m, shavn in Tables1-4, are between3 and 8, which suggesthat the smoothingspline
methodologycanbeimproved by changingthe penaltycriteria. Thisis in closeagreement

with the penaltycriteriasuggestedhy HeckmanmandRamsay

Appendix: Theoretical Support

OnecanuseTheorems2.1 and 2.2 in Beranand Dimbgen(1998)to prove that minimizing the
estimatedisk (10) is asymptoticallyequivalentto minimizing therisk (9). Thedetailsof theresults
presentedherecanbefoundin Beran(unpublishednanuscript).

If we de ne F to be the classof shrinkagecoefcients f( ) satisfying(7) it is easyto see
thatF is a closedsubsebf the monotoneshrinkage classF y s de ned by Beran(2000). Further
more,becausdor eachelementof this subsethereis exactlyone thatde nesit, it is completely
characterizethy 2 [0;1 ]. If weassume*? is consistentn that,for everyr > Oand 2> 0

im  sup Ej**  ?%=0
nil e D
thenonecanshaw thatforaryr > Oand 2> 0
lim ! § min RCC) 5 9 ROz
with " the REACT choice.Notice asthe numberof obserationsn goesto in nity we aretakinga
sup over all functionss producingn-dimensionalvectors = U , with theobsenedvaluesof
s asde nedin Section2, with constrainedwveragevariability. Thusthis resultis notrelatedto the

prior-beliefthats is smooth. A resultthat supportshe useof theU de ned by smoothingsplines

16



togethemwith theREACT choiceof whenoneis dealingwith smoothfunctionsfollows. For every

b2 (0;1); 2> 0;andr > 0 considettheball of smoothfunctions
B(r;b; =f :ave( =2 rand;= 0fori> bng:

In the caseof periodicsplines,this ball containsfunctionsfor whichthe (1 b)) 100%highest
frequeny componentsirenot presentThe smallerb the smoothethefunctionsin B (r: b; 2).
Giventhis assumptioronecanuseTheorend in Beran(2000)to nd thattheasymptotiamini-
maxquadratiaisk overall estimator®f is 2rbr + b) andtheestimatorsie ned by theREACT
choiceof reachthisbound:
im sup RC(); ; 9= ZrbAr+b
ni 2B(r;b; 2)
In practice we don't necessarilyexpectthe smoothfunctionss to bein ary of theballsde ned
above. However, in the authors experience,from looking at plots of z for differentdata-setsit
seemdo be areasonabl@pproximation.A resultthatsomeha assumes;  Ofori > bnwould

becloserto whatwe nd in practice.However, thisis left asfuturework.
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Tablel: Comparisorof thetwo proceduresor functionl. The columnshavstheaverage
of the s chosenover the 100 simulations. The M SE columnshaows the averageof the
Euclideardistancedetween® and dividedby 2 andmultipliedby 100. Finally, for each
criteriaexceptCV, the % columnshavs the numberof times(out of the 100 simulations)
thatcriteriabeatsthe CV criteriain termsof Euclideandistancebetween and

Experiment CcvV REACT REDACT GML REACTmM REDACTm

n; MSE MSE % MSE % MSE % m MSE % m MSE %
50,0.025 10 0.74 19 0.8 22 | 54 0.8 56 | 0.13 1.5 5 0.12 54 074 47| 024 57 073 62
50,0.05 22 0.94 24 0.92 46 14 1 59 4.2 0.99 41 0.25 5.2 087 68| 054 5.6 1 58
50,0.1 55 1.2 41 1.2 63 32 1.3 49 14 1.2 50 14 4.5 1.2 59 2.8 4.8 1.4 47
50,0.5 460 2.1 280 2.1 49 | 270 2.3 45 230 1.9 58 | 1000 4.7 2.1 47 600 4.7 2.6 42
100,0.025 6.5 0.56 6.7 053 57| 3.8 0.55 56 0 1.6 0 057 42 053 56| 08 43 058 49
100,0.05 14 0.7 12 0.68 65 9.7 0.7 60 2.4 0.88 32 4.6 45 0.68 57 1.5 4.7 0.82 46
100,0.1 34 0.89 22 0.89 56 21 091 49 7.8 0.89 43 57 4 091 56 48 4.2 1.2 47
100,0.5 330 1.7 200 1.7 47 | 190 1.8 51 130 1.6 64 750 4.6 1.7 50 670 4.7 2 44
250,0.025 4 0.38 2.7 0.36 61 2.3 0.36 64 | 0.15 1.3 3 1.3 3.3 0.36 69 1.5 3.3 0.36 61
250,0.05 8.6 0.44 6 044 59| 57 0.44 60 1.2 0.48 23 7 3.8 044 58 5.6 3.8 045 53
250,0.1 19 0.57 13 0.57 55 13 0.57 58 3.9 059 34 20 4.1 0.56 58 20 4.3 0.56 58
250,1 410 2 230 2.1 44 | 240 2.1 47 | 190 1.8 68 750 4.1 2.1 48 | 720 4.2 2.9 48

Table2: Liketablel, but for function?2.

Experiment CvV REACT REDACT GML REACTmM REDACTm

n; MSE MSE % MSE % MSE % m MSE % m MSE %
50,0.025 29 0.6 45 0.63 33 20 062 51| 1.7 095 15| 013 74 042 94| 012 75 043 91
50,0.05 49 0.77 53 0.75 60 35 0.82 47 5.9 088 17| 035 65 059 90| 058 6.7 0.63 83
50,0.1 110 1.1 85 1.1 52 74 1.2 52 20 1.1 44 43 6 097 72 11 6.1 1.4 65
50,0.5 1400 2.3 380 2.3 53 | 350 2.5 46 | 280 1.9 67 820 5 2.1 63 520 5.1 2.8 54
100,0.025 22 0.45 20 0.44 55 14 045 53 0 1.6 0 0.75 6.4 033 94| 069 65 041 84
100,0.05 40 0.6 32 059 51 29 0.6 56 3.8 0.67 26 11 6 0.5 88 8.8 6.1 0.6 81
100,0.1 70 0.76 49 0.8 49 47 0.83 45 11 0.85 28 86 54 0.75 58 48 5.6 1 55
100,0.5 370 1.6 230 1.8 47 | 220 2 44 | 150 1.6 63 | 830 4.9 1.7 50 | 620 49 2.5 46
250,0.025 14 0.28 11 0.27 54 10 0.27 55 0 1.6 0 095 5.6 0.22 90| 0.82 5.7 0.22 87
250,0.05 27 0.37 19 0.37 52 19 037 51| 16 0.99 15 11 55 032 73 11 56 033 70
250,0.1 52 0.49 37 0.5 55 37 0.5 53 5.7 056 21 35 5.7 045 72 35 5.8 045 72
250,1 530 2 290 2.2 57 | 290 2.5 51 | 230 1.7 60 780 4.9 2.1 60 770 5.1 2.8 59




Table3: Liketablel, but for function3.

experiment cv REACT REDACT REACTmM REDACTm

n; MSE MSE % MSE % m MSE % m MSE %
50,0.025 0.25 11 0.86 1.6 1 /0029 15 17| 38e-07 42 13 12| 0.004 49 097 89
50,0.05 0.54 14 0.98 16 15| 012 19 32| 0078 43 13 69| 0095 48 14 80
50,0.1 1.6 1.9 1.3 18 57| 042 22 43 0.04 42 17 77| 0.068 47 19 66
50,0.5 5.6e+10 3.2 | 1.1le+8 3.1 62| 1.1e8 35 52 7800 28 31 65| 7700 28 39 56
100,0.025 0.18 0.78 0.29 0.83 23| 0.094 08 53| 0.036 4 0.69 87| 0.004 47 066 94
100,0.05 0.41 1 0.38 1 60 | 0.21 1 64 | 6.8e-07 4.1 091 97 | 0.0078 45 099 94
100,0.1 0.83 1.3 0.6 13 60| 043 14 57 0.19 39 12 86| 0086 4 15 77
100,0.5 1.1e10 2.6 6.6e6 25 60| 6.6e6 26 65| 33000 27 25 58| 33000 29 32 47
250,0.025 0.11 0.52 0.1 05 58| 007 051 65| 0071 39 043 98| 0.036 4 048 97
250,0.05 0.21 0.68 0.17 067 65| 014 068 53| 0075 38 061 93| 0048 38 0.69 90
250,0.1 0.5 0.91 0.31 089 62| 029 0.89 64 0.84 36 084 86| 043 37 099 83
250,1 1.2e10 31 13e6 29 64| 9e6 29 56| 15e4 25 29 65| 15e4 25 32 62

Table4: Liketablel, but for function4.

experiment cv REACT REDACT REACTmM REDACTm

n; MSE MSE % MSE % m MSE % m MSE %
50,0.025 0.67 11 2.3 1.3 3 0.15 13 36| 0039 46 13 4 | 052 36 12 33
50,0.05 21 1.3 2.7 13 38| 064 16 38| 012 45 13 44| 035 42 15 38
50,0.1 5.2 1.6 4 15 66 1.9 2 48 | 0.54 4 15 75| 015 42 2 49
50,0.5 27e10 31 | 63e7 28 63| 637 31 59| 2500 33 28 53|2000 37 38 41
100,0.025 0.46 0.77 | 0.63 08 27| 0.2 076 66 | 0038 37 08 29| 015 36 089 57
100,0.05 1.2 0.98 1 0.95 57| 0.63 1 59 | 021 36 09% 43| 15 33 13 39
100,0.1 31 1.2 21 12 57 1.7 12 56| 44 37 12 63 12 37 15 51
100,0.5 2200 2.2 34 2 57 31 2 54 | 1000 33 21 37| 80 36 28 34
250,0.025 0.21 0.52 | 0.16 05 61| 011 05 65| 038 32 05 67| 038 33 06 57
250,0.05 0.58 065 | 033 063 63| 028 064 54| 25 29 064 55| 076 28 08 48
250,0.1 1.6 081 | 094 079 58| 087 079 61 19 31 081 42| 78 32 097 40
250,1 1.7e9 2.6 130 26 53| 140 26 51| 1900 3 26 35| 2000 3.1 3 34




Empirical and Estimated shrinkage coefficients
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Figurel: The rst plot shavs the empirical shrinkagecoefcients § for a Monte Carlo
realizationof (eqO)with n = 100 = 0:05, ands is function3. Thesolid line shavs
the tted shrinkagecoefcients usingtheREACT choicefor . Thedashedine shavs
the tted shrinkagecoefcients whenboth andm are obtainedusingthe REACT
criterion. The secondplot shavs the weights&;s andﬁ s usedin the weightedleast
squaregquationusedto obtainthe REACT criterion.
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Figure2: Theseareplotsof the4 functionsusedin the simulation.
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Figure3: Thepointsarethe48 measurementf actvity takenevery 30 minutesduringone
dayfor an AKR mice, The grey region denoteghe unbiasedestimateobtainedusingthe
meanof the 47 dayswe have obsenationsfrom surroundedy pointwisestandarcerrors.
Thesolid line is the estimateobtainedusingthe REACT criterion. The 2 dottedlinesare

theestimate®btainedwith the CV andGML criteria.



