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SUMMARY. Smoothingsplinesareapopularapproachfor non-parametricregressionproblems.We

useperiodicsmoothingsplinesto �t a periodicsignalplus noisemodel to datafor which we as-

sumethereareunderlyingcircadianpatterns.In the smoothingsplinemethodology, choosingan

appropriatesmoothnessparameteris an importantstepin practice. In this paper, we draw a con-

nectionbetweensmoothingsplinesandREACT estimatorsthatprovidesmotivationfor thecreation

of criteriafor choosingthesmoothnessparameter. Thenew criteriaarecomparedto threeexisting

methods,namelycross-validation, generalizedcross-validation, and generalizationof maximum

likelihoodcriteria,by aMonteCarlosimulationandby anapplicationto thestudyof circadianpat-

terns.For mostof thesituationspresentedin thesimulations,includingthepracticalexample,the

new criteriaout-performthethreeexistingcriteria.

KEY WORDS: Non-parametricsmoothing,REACT estimators,Smoothingsplines,Smoothnesspa-

rameter.
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1 Intr oduction

Mostorganismsgeneratephysiologicalandbehavioralmeasurementswith oscillations(Re-

�netti andMenaker 1992). It is quite commonfor theseoscillationsto have a 24 hours

period. In this case,we refer to themascircadianpatternsor circadianrhythms. Various

researchershave usedstatisticalmodelsto describedatabelievedto containcircadianpat-

terns,seefor exampleGreenhouse,Kass,andTsay(1987)andWangandBrown (1996).

Modeling circadianpatternscan have practicalapplications,for example Irizarry et al.

(2001)usedcircadianpatternestimatesto assesshomeostasisin mice. In general,oneis

interestedin describingcircadianpatternsassmoothfunctionsof timesbut thedatausedto

estimatethesepatternsusuallycontainsnoise.Theproblemof estimatingcircadianshapes

is commonlyviewedasanon-parametricregressionproblem.

Smoothingsplinesareapopularapproachfor non-parametricregressionproblems.For

example,thewidely usedS-Plusfunctiongam() useslocal regressionlo() andsmooth-

ing spliness() asbuilt-in smoothers(Hastie1993). Many authors,Schoenberg (1964),

Reinsch(1967),WahbaandWold (1975),andSilverman(1985)to namea few, have stud-

ied smoothingsplinesanddemonstrateddesirabletheoreticalproperties.Some,for exam-

ple RiceandRosenblatt(1983),have developedasymptoticresultsfor smoothingsplines.

For a goodreview of splinemethodsin statisticsseeEubank(1988)andfor a complete

theoreticaltreatyseeWahba(1990).

Whenusingsmoothingsplinesonedoesnot needto choosethe locationof knotsand
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the smoothnessof the estimateis controlledvia oneparameter, usuallyreferredto asthe

smoothnessparameteranddenotedin this paperwith � . This makestheprocedureeasyto

implementin practice.In Section2 wedescribesmoothingsplinesin moredetail.

Choosingan appropriate� is an importantstepin practice. A � that is “too closeto

zero” will yield an estimatepracticallyequivalent to the data,anda � that is “too big”

will produceanestimatepracticallyequivalentto thelinearregressionestimateof thedata.

Crossvalidation(CV) andgeneralizedcross-validation(GCV) (CravenandWahba(1979))

are popularapproachesfor �nding an appropriatecriterion and are the two procedures

availablethroughtheS-Plusfunctionsmooth.spline() . Theseprocedureshave been

criticized for choosing� s thatare“too small” (HastieandTibshirani,page52) andother

approacheshavebeenproposed,for exampleWahba's(1985)GeneralizedMaximumLike-

lihood (GLM) criterion. In Section3, for a regular time seriesperiodicsignalplus noise

model,we establisha connectionbetweensmoothingsplinesandBeran's (2000)Risk Es-

timationAfter CoordinateTransform(REACT) estimatorsanduseit to motivateanew cri-

terionfor choosingthesmoothnessparameter. As describedin Section4 this new method,

which we will refer to astheREACT criterion for choosingthesmoothnessparameter, is

convenientfrom a computationalperspective. Furthermore,we compareits performance

by comparingmeansquarederror(MSE), througha MonteCarlosimulation,to CV, GCV,

andGLM. In Section5 wecomparethemethodsthrougha real-dataexample.
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2 Smoothingsplines

Considerthesignalplusnoisemodel

yi = s(t i ) + " i ; i = 1; : : : ; n; t1 < : : : < tn 2 [0; 1] (1)

where" = ("1; : : : ; "n )0 � N (0; � 2I n� n ), � 2 is unknown and s somefunction in the

so-calledSobolev Hilbert spaceof functionsW m
2 [0; 1] with domain[0; 1], the derivatives

s(l ) ; l = 1; : : : ; m � 1 absolutelycontinuous,andboundeds(m) . In practice,s(t) canrepre-

senttheunderlyingcircadianpatternand" representsmeasurementerrorandenvironmental

variation.

Wewill denotey = (y1; : : : ; yn )0and,to follow Beran's(2000)notation,� = f s(t1); : : : ; s(tn )g0.

Thesmoothingsplineestimateis de�nedasthefunctionŝ� 2 W m
2 [0; 1] yieldingthe�̂ � that

minimizesapenalizedleastsquarescriterion,

1
n

jy � � j2 + �
Z 1

0
f s(m)(u)g2 du (2)

with jy � � j2 =
P n

i=1 f yi � s(t i )g
2 : Throughoutthetext wewill beusingthehatnotation,

for example�̂ , to denoteestimatesin general.In differentpartsof thetext themeaningof,

say, �̂ changes.However, themeaningshouldbeclearfrom thecontext.

For m = 2, Reich (1967) proved that, given a � , the solution to minimizing (2) is

a naturalcubic splinewith knotsat t1; : : : ; tn . This implies that we canwrite the � that

minimizes(2) as�̂ � = N (N 0N + � 
 )� 1Ny whereN and
 aren � n matricesde�nedby

thebasisfunctionsfor thespaceof naturalcubicsplineswith knotsat t 1; : : : ; tn (seeBuja,
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Hastie,andTibshirani1989).Usingbasicmatrixalgebratrickswecan�nd n � n matrices

U and� , with � diagonal,suchthatwecanre-write �̂ as

�̂ � = U (I n� n � � � )� 1U 0y (3)

Notice(I n� n � � � )� 1 is adiagonalmatrixandlaterwedenotethevectorof diagonalentries

asf (� ).

Becuaseof thenatureof thedatadescribedin Section5 andbecausecircadianpatterns

areperiodicweconsiderthecaseof periodicsmoothingsplinesfor regulartimeserieswith

equallyspacedknots.Furthermore,describingtheREACT methodologyfor choosingthe

smoothnessparametercanbedonein asimplefashionfor thiscase.However, in Section6

wedescribehow thismethodcanbeextendedto thegeneralcaseis astraight-forwardway.

2.1 Periodic smoothingsplines

In this sectionwe considerthecasewheres 2 W m
2 [0; 1] is periodic,i.e. s(0) = s(1) and

s(l )(0) = s(l )(1); l = 1; : : : ; m, andthe datais a regular time series,i.e. t i = i=n; i =

1; : : : ; n. As notedby Wahba(1990),for a given� , theperiodicfunctionin W m
2 [0; 1] that

minimizes(2) is well approximatedby a functionof theform

s� (t) = a0 +
n=2� 1X

j =1

aj

p
2cos(2� j t) +

n=2� 1X

j =1

bj

p
2sin(2� j t) + an=2 cos(� nt): (4)

Let U D F T bethen � n orthogonaldiscreteFouriertransform(DFT) matrixde�ned by

Ui; 1 = f n� 1=2g; i = 1; : : : ; n
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Ui; 2j = f (2=n)1=2 cos(2� j t i )g; i = 1; : : : ; n; j = 1; : : : ; n=2 � 2

Ui; 2j +1 = f (2=n)1=2 sin(2� j t i )g; i = 1; : : : ; n; j = 1; : : : ; n=2 � 1

Ui;n = f n� 1=2 cos(� i )g; i = 1; : : : ; n (5)

anddenotez = U 0
D F T y and� = U 0

D F T � . Notice thatz is thespectraldecompositionof

y. WecanuseFourier's theoremto show thatfor functionsof theform (4), minimizing(2)

is equivalentto minimizing

1
n

jz � � j2 +
�
n

8
<

:

n=2� 1X

j =1

(a2
j + b2

j )(2� j )2m +
1
2

a2
n=2(� n)2m

9
=

;
(6)

with jz� � j2 =
P n=2

j =0 (aj � âj )2+
P n=2� 1

j =1 (bj � b̂j )2, where(â0; â1; b̂1; : : : ; ân=2� 1; b̂n=2� 1; ân=2) �

z, andeasilyshow thatthevalue� thatminimizes(6) is f (� )z, with f (� ) an� dimensional

vectorandthemultiplicationcomponent-wise(asin S-Plusor matlab).Furthermore,taking

thederivativeof (6) andsolvingfor 0 givesus,whatwewill call, theshrinkagecoef�cients

f (� ) = f f 0, f 1(� ), f 1(� ), : : :, f n=2� 1(� ), f n=2� 1(� ), f n=2(� )g0 in closed-form,with

f 0 = 1; f j (� ) = f 1+ � (2� j )2mg� 1; j = 1; : : : ;
n
2

� 1; f n=2(� ) = f 1+ 0:5� (� n)2mg� 1: (7)

BecauseU D F T is anorthonormaltransformationwehavethattheestimatorthatminimizes

(2) is U D F T f (� )z.

Noticethatweareassumingthatn is even.This is donewithout lossof generality. If n

wereodd,all theaboveremainsthesameexceptn=2� 1 becomes(n � 1)=2 andtheterms

indexedby n=2 areignored.

In summary, we have noticedthat for a regular time seriesperiodicsignalplus noise
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model, the smoothingsplineestimateof s, for a given � , canbe well approximatedby

U D F T diag[f (� )]U 0
D F T y andwe have closedform expressionsfor U D F T andf (� ). This

canbe viewed as “�ltering” the datay usinga �lter de�ned by the f which are in turn

de�ned by � andthesmoothingsplineprocedure.

As mentioned,choosing� is animportantstepin practice.A popularway of precisely

de�ning anoptimal � is to usetheexpectedMSE or risk, that is to choosethe � yielding

theestimatê� � thatminimizes

R(�̂ � ; � ; � 2) =
1
n

Ej�̂ � � � j2: (8)

TheCV andGCV criteriatry to estimatethe� thatprovidesthesmoothingsplineestimate

�̂ � that minimizes(8). In the following sectionswe describethe REACT criterion for

choosing� .

3 REACT

For datay arisingfrom amodellike(1),Beran(2000)studiesthelinearshrinkageestimates

of � = U 0� de�ned by f �̂ (f ) � fz; f 2 [0; 1]ng with �̂ (f ) component-wiseas in the

previoussectionandU is anorthonormalbasistransformation.This impliesthattherisks

R(�̂ ; � ; � 2) = R(�̂ ; � ; � 2) areidentical,soa goodestimateof � will provide anestimate

for � that is just as good. In Beran's approach,the transformationU is chosento be

an economicalbasis. By economicalbasiswe meanthat we expect only the �rst few

componentsof � to be muchdifferent from 0 in absolutevalue. If this is the case,we
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canreducetherisk by shrinkingthehighercomponentsof z (thezi s for which we expect

� i to be closeto 0) towards0. Notice that for a speci�c component,the amountof bias

we add, (1 � f i )2� 2
i is small if � i is closeto 0, and the varianceis reducedby a factor

of f 2
i , which is substantialif the amountof shrinkageis signi�cant, i.e. f i is closeto 0.

Onceanappropriateeconomicalbasishasbeenchosen,REACT is data-drivenprocedure

that choosesa vector of shrinking coef�cients f̂ that minimize an estimateof risk, and

de�nes the REACT estimatorof � as �̂ (f ) = f̂ z. This implies �̂ (f̂ ) = U �̂ (f̂ ) is the

REACT estimatefor � . Beran(2000)describeswaysto choosêf sothat�̂ (f̂ ) hasdesirable

asymptoticproperties.

Turningourattentionbacktoperiodicsmoothingsplines,from(5)noticethatU D F T has

columnsthatareof increasinglyhigherfrequency, i.e. columnsof decreasingsmoothness.

If in fact s is smooth,thenonly the �rst few componentsof � = U 0
D F T � will be “much

different” from zeroin absolutevalue. For a given � we noticethat thesmoothingspline

estimatecanbethoughtof asaREACT estimatorU D F T �̂ (� ) with z = U 0
D F T y and�̂ (� ) =

f (� )z with the multiplication component-wise.Expression(7) shows that this estimate

automaticallyshrinksthe “high-frequency” componentsof � . The bigger� the morewe

shrink.Now wewill seehow theideasusedto choosef in REACT estimationcanbeused

to selectappropriate� s for smoothingsplines.

For any m � 1 vectorx, let sum(x) =
P m

i=1 x i andave(x) = m� 1sum(x) andnotice
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wecanwrite therisk of �̂ (f ) = fz as

R(�̂ (f ); � ; � 2) = ave[� 2f 2 + � 2f 1 � f g2] (9)

with themultiplicationcomponent-wiseasbefore.Ideally, if weknew therisk function(9),

we would estimate� with ~f z with ~f the f 2 [0; 1]n minimizing (9). However, this ideal

linear estimator~� is unrealizablein practicebecause� and� 2 areunknown. Beran(2000)

considers

R̂(�̂ (f ); z; �̂ 2) = ave[f f � ĝg2z2] + ave[�̂ 2ĝ]; (10)

with ĝ = 1 � �̂ 2=z2 and�̂ 2 a “trust-worthy” estimatorof � 2, asa surrogatefor the risk

de�ned in (9) in identifying the bestcandidateestimators.Beran(2000)pointsout that

thevaluef = ĝ thatminimizes(10) is inadmissiblebut thatby restrictingthespaceof f s

overwhichweminimize(10)weobtainestimateswith desirableproperties(seeBeranand

Dümbgen(1998)andBeran(2000) for details). If we restrict the spaceof f s to vectors

with theform de�ned by (7) anddeterminedby � thenourREACT estimatoris equivalent

to a smoothingsplineestimate. Furthermore,theseestimateshave desirableasymptotic

propertiesasdescribedin theAppendix.Thismotivates,whatwecall, theREACT criterion

for choosingsmoothingparametersthatworksby constrainingthe f with (7), denotingit

f (� ), andchoosing� by

�̂ = arg min
� 2 [0;1 ]

ave[f f (� ) � ĝg2z2]; (11)

with ĝ and �̂ 2 de�ned as in (10). This in turn de�nes the estimateŝ� (�̂ ) = f (�̂ )z and
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�̂ (�̂ ) = U D F T �̂ (�̂ ). Noticethatfor periodicsmoothingsplineswehave

ave[f f (� ) � ĝg2z2] /
n=2� 1X

j =1

��
1 �

�̂ 2

âj

�
� f j (� )

� 2

â2
j +

n=2� 1X

j =1

( 

1 �
�̂ 2

b̂j

!

� f j (� )

) 2

b̂2
j

+
��

1 �
�̂ 2

ân=2

�
� f n=2(� )

� 2

â2
n=2: (12)

and�nding �̂ canbethoughtof asanexampleof estimatinga parameter� usingweighted

leastsquareswhereour dataaretheempirical shrinkage estimateŝg. In Figure1 we see

plots showing an exampleof the function f 1 + � (2� j )2mg� 1 �tted to ĝ andthe weights

usedin theweightedleastsquaresequation.

Obtaining�̂ is computationallysimple.In S-Plustheâj sandb̂j sareobtainedusingthe

function fft() andminimizing (12) canbe donewith ms() or nlminb() . The �nal

estimatê� canbeobtainedwith fft(...,inv=T) .

3.1 Estimating � 2

Noticethatwithoutanestimatê� andwith only oneobservationfor eachs(t i ); i = 1; : : : ; n

we don't have a way to constructanestimateof � 2 basedon residuals.The�rst difference

varianceestimator(Rice(1984))

�̂ 2 = f 2(n � 1)g� 1
nX

i =2

(yi � yi � 1)2

providesan estimatethat is not basedon residuals.In practice,the procedurepresented

in the previous sectiondependsheavily on this estimate. In certaincircumstances,such

ascaseswhere� 2 is small comparedto
R1

0 f s(t)g2 dt, �̂ 2 may provide an estimatethat is
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“too big”. In thisSectionweproposeaniterativeprocedurethatpermitsusto “update”the

estimateof � 2.

Startwith the�rst differenceestimatê� 2
(0) anduseit in theREACT criterionto obtain

�̂ (0) . Now we have a �tted modelandcanobtainresidualswhich we canuseto form an

updatedestimateof � 2. WeassumeE(�̂ � � ) � 0 andapproximate

Ejy � �̂ j2 = E[y 0f Uf (�̂ )U 0g0f Uf (�̂ )U 0gy] � (n � df� )� 2:

Wereferto df� = sumf f (�̂ )2g astheeffectivedegreesof freedom. Wethenconstructanew

estimateof � 2 with

�̂ 2
(1) = (n � df� )� 1jy � �̂ (0) j

2:

Continuethis iterativeprocedureuntil j �̂ (k) � �̂ (k� 1) j < � with � somesmallthreshold.

We will refer to the � obtainedwith this methodas the REDACT choice,wherethe D

standsfor “dynamic”. Whenno iterationsareperformedREDACT reducesto REACT.

3.2 Choosingm

Thevalueof m is usuallysetat2, mainlybecauseit is thehighestvalueof m for which the

spaceof smoothingsplinesolutionsis of dimensionn whenknotsareassignedto thedesign

pointst1; : : : ; tn . This makesthechoiceof m = 2 practical. However, oncetheproblem

of choosinga � hasbeenreducedto (11), the shrinkagecoef�cients not only dependon

� but on m andwe couldminimize(12) over (�; m) 2 [0; 1 ] � f 1; 2; : : :g. In fact if we

arewilling to interpretfractionalderivatives(McBride 1986)we canminimize (12) over
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(�; m) 2 [0; 1 ] � [1; 1 ). As wewill seein thefollowing section,simulationssuggestthat

this procedureperformswell. In this paperwe will referto thesecriteriaasREACTm and

REDACTm.

4 Simulations

We have de�ned a new way of choosingthesmoothnessparameterfor smoothingsplines.

In this sectionwe comparetheREACT, REDACT, REACTm,andREDACTm criteriafor

choosing� to CV, GCV, andGML usinga MonteCarlosimulation.We consider4 func-

tions with 4 different degreesof “smoothness”. The �rst threefunctionsare: s1(t) =

(1 � j2t � 1j3)3, s2(t) = sin(2� t), ands3(t) =
P 8

j =1 � k cos(2� t + � k) wherethe� ks and

� ksarechosenfrom auniformdistributionon(0,1).Thefourth functionis aninterpolation

of a local regression�t to themotorcycle datapresentedin Silverman(1985). In Figure2

thesefunctionsareshown. Noticethatall functionshavebeenrescaledto haverange[0,1].

For eachfunction we create100 simulationsbasedon model (1) with n = 50; 100

and250andwith � = 0:025; 0:05; 0:1; 0:5 and1. For eachsimulationwe �t a periodic

smoothingsplinewith m = 2andchoosethesmoothingparameterwith REACT, REDACT,

CV (which in this caseis equivalentto GCV), andGML. We also�t a periodicsmoothing

splineandchooseboth� andm with REACTm andREDACTm. We comparetheaverage

MSE over the 100 simulationsandalso look at how frequentlyeachprocedurechooses

a � producingan estimatewith lower MSE thanGCV, which is the default of the S-Plus
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functionsmooth.spline() . Theresultsof thesimulationarepresentedin Tables1, 2,

3, and4 for functions1, 2, 3, and4 respectively. TheGML worksbestwhenthenoisehas

largevariance,i.e. � = 0:5. However, in generalthebestperformingcriteriaareREACTm

andREDACTm. For function 4, the roughestfunction, REACT andREDACT perform

betterthan REACTm and REDACTm except for small valuesof n and � in which the

GCV performsslightly better. TheREACT criterionis notalwaysimprovedby theiterative

choiceof �̂ 2. As we would expect,the iterative versionsseemto make an improvement

whenthevarianceis small.

Noticethat for thecomparisonwith n = 50; � = 0:05 for function1 we have that the

CV criterion hasa smalleraverageMSE thanthe REACT criterion but that the REACT

criterionchoosesbetter� for a largerpercentof thesimulations.This of coursehasto do

with therandomnessof thesimulation,but alsowith thefact that it is quitecommonfor a

particularcriterionto have a few very badperformancesthatbring theMSE up, but apart

from theseit performswell.

Finding the � minimizing the GML wasnot computationallypossiblein all cases.A

zeroin the � columnsin the tablesmeansno convergencewasachieved. For function 3

and4 convergencefor theGML wassorareweremovedit from thecomparison.Thecode

generatingthesesimulationsareavailablein theSoftwaresectionof theauthor'swebpage:

http://www.biostat.jhsph.edu/ � ririzarr
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5 An Example

We have activity measurementstakenevery 30 minutesfrom anAKR mouse.AKR mice

areoneof many animalswhoseactivity patternsarecircadian.Furthermore,our scienti�c

intuition tells us that this patternis probablya smooth,up-during-the-nightdown-during-

the-daypattern(thesemicearenocturnal),it thusmakessenseto modelthedataobtained

from theseanimalswith amodellike (1).

Physiologisthave found that the shapeof this circadianpatterncanbe used,for ex-

ample,to assessan animalshealth. Therefore,�nding estimatesof the smoothcircadian

patternis usefulin practice. In Irizarry et al. (2001)theshapeof thecircadianpatternis

usedto assesshomeostasis.

We observe this mousefor 47 differentdays,thuswe canconsidereachof thesetime

seriesasanindependentidenticallydistributedoutcomeof model(1). Averagingover the

47daysprovidesanunbiasedestimateof � for whichit iseasytoobtainpoint-wisestandard

errors.Consideringthisaverageto betheevaluationsof the“true” s(t) at t 1; : : : ; tn permits

us to assesshow well our smoothingsplinesestimatewould have performedhadwe only

hadoneday of data. In Figure3 we comparethe estimatesobtainedwith the � chosen

by CV andGML with REACT. Notice REACT choosesa smaller� that resultsin a less

smooth�t that appearsto be more appropriate. Noitce in particularthat only with the

REACT estimatordo we see“two bumps”. We know thesecondbump is “real” because

wehaveobservedtheanimalsbeingactivepreparingtherenestbeforesleeping.
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If weobtain�ts for eachof the47daysandobtaintheMSEof each�t usingtheaverage

of 47 dayestimateasthetrues(t) we �nd thatREACT hassmallerMSE 29 times(62%)

andhasasmalleraverageMSE.

6 Extensions

In Section3 wemotivatedandde�ned theREACT criterionfor periodicsmoothingsplines

with equally spacedknots. Extendingto the generalcaseis relatively straight-forward.

Notice that in Section2.1 we usea transformationmatrix U D F T for which we canform

linearshrinkagecoef�cients in thecontext of Beran(2000)in closedform. In thegeneral

casethevectorf (� ) would be thediagonalentriesof (I n� n � � � )� 1. Fromherewe can

proceedto de�ne f (� ) as in (7) but now with f j (� ) = f 1 + � � j g� 1; j = 1; : : : ; n with

� j the diagonalentriesof � andthenproceedasbefore. The procedureis no longeras

convenientfrom a computationalstand-pointbecausewe have to computethe � andU

matricesof (3) but still quite practicalgiven that S-Plushasfunctionssuchasqr() and

eigen() . However, noticethatminimizingoverm is notasstraight-forward.

In Section3.2wesuggestedthatweshouldusetheREACTmcriterionto choose� and

m. By doingthisweareessentiallychangingnotonly thepenaltymultiplier but thepenalty

itself. This ideahasrecentlybeenexploredin greatdetailby HeckmanandRamsay(2000).

Theauthors�nd thatby consideringdifferentpenaltycriteria,estimatesthatperformwell

areobtained.Theproceduredescribedin thispapercanbeeasilyextendedto beusedwith
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the procedurede�ned by HeckmanandRamsey. Notice in particularthat the choicesof

m, shown in Tables1–4, arebetween3 and8, which suggestthat the smoothingspline

methodologycanbeimprovedby changingthepenaltycriteria.This is in closeagreement

with thepenaltycriteriasuggestedby HeckmanandRamsay.

Appendix: Theoretical Support

OnecanuseTheorems2.1 and2.2 in BeranandDümbgen(1998) to prove that minimizing the

estimatedrisk (10) is asymptoticallyequivalentto minimizing therisk (9). Thedetailsof theresults

presentedherecanbefoundin Beran(unpublishedmanuscript).

If we de�ne F to be the classof shrinkagecoef�cients f (� ) satisfying(7) it is easyto see

thatF is a closedsubsetof themonotoneshrinkage classF M S de�ned by Beran(2000). Further-

more,becausefor eachelementof this subsetthereis exactly one� thatde�nes it, it is completely

characterizedby � 2 [0; 1 ]. If weassumê� 2 is consistentin that,for every r > 0 and� 2 > 0

lim
n!1

sup
ave(� 2

)� � 2 r

Ej�̂ 2 � � 2j = 0

thenonecanshow thatfor any r > 0 and� 2 > 0

lim
n!1

sup
ave(� 2

)� � 2 r

Ej min
� 2 [0;1 ]

R(�̂ (� ); � ; � 2) � R̂(�̂ (�̂ ); z; �̂ 2)j

with �̂ theREACT choice.Noticeasthenumberof observationsn goesto in�nity we aretakinga

sup over all functionss producingn-dimensionalvectors� = U � , with � theobservedvaluesof

s asde�ned in Section2, with constrainedaveragevariability. Thusthis resultis not relatedto the

prior-belief thats is smooth.A resultthatsupportstheuseof theU de�ned by smoothingsplines
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togetherwith theREACT choiceof � whenoneis dealingwith smoothfunctionsfollows. For every

b 2 (0; 1); � 2 > 0; andr > 0 considertheball of smoothfunctions

B (r; b;� 2) = f � : ave(� 2)=� 2 � r and� i = 0 for i > bng:

In thecaseof periodicsplines,this ball containsfunctionsfor which the (1 � b) � 100%highest

frequency componentsarenotpresent.Thesmallerb thesmootherthefunctionsin B (r; b;� 2).

GiventhisassumptiononecanuseTheorem4 in Beran(2000)to �nd thattheasymptoticmini-

maxquadraticrisk overall estimatorsof � is � 2r b=(r + b) andtheestimatorsde�nedby theREACT

choiceof � reachthisbound:

lim
n!1

sup
� 2 B (r ;b;� 2 )

R(�̂ (�̂ ); � ; � 2) = � 2r b=(r + b)

In practice,wedon't necessarilyexpectthesmoothfunctionss to bein any of theballsde�ned

above. However, in the author's experience,from looking at plots of z for differentdata-sets,it

seemsto bea reasonableapproximation.A resultthatsomehow assumes� i � 0 for i > bn would

becloserto whatwe �nd in practice.However, this is left asfuturework.
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Table1: Comparisonof thetwo proceduresfor function1. The� columnshowstheaverage
of the � s chosenover the 100 simulations.The M SE columnshows the averageof the
Euclideandistancesbetween̂� and� dividedby � 2 andmultipliedby 100.Finally, for each
criteriaexceptCV, the% columnshows thenumberof times(out of the100simulations)
thatcriteriabeatstheCV criteriain termsof Euclideandistancebetween̂� and� .

Experiment CV REACT REDACT GML REACTm REDACTm
n; � � MSE � MSE % � MSE % � MSE % � m MSE % � m MSE %
50,0.025 10 0.74 19 0.8 22 5.4 0.8 56 0.13 1.5 5 0.12 5.4 0.74 47 0.24 5.7 0.73 62
50,0.05 22 0.94 24 0.92 46 14 1 59 4.2 0.99 41 0.25 5.2 0.87 68 0.54 5.6 1 58
50,0.1 55 1.2 41 1.2 63 32 1.3 49 14 1.2 50 14 4.5 1.2 59 2.8 4.8 1.4 47
50,0.5 460 2.1 280 2.1 49 270 2.3 45 230 1.9 58 1000 4.7 2.1 47 600 4.7 2.6 42
100,0.025 6.5 0.56 6.7 0.53 57 3.8 0.55 56 0 1.6 0 0.57 4.2 0.53 56 0.86 4.3 0.58 49
100,0.05 14 0.7 12 0.68 65 9.7 0.7 60 2.4 0.88 32 4.6 4.5 0.68 57 1.5 4.7 0.82 46
100,0.1 34 0.89 22 0.89 56 21 0.91 49 7.8 0.89 43 57 4 0.91 56 48 4.2 1.2 47
100,0.5 330 1.7 200 1.7 47 190 1.8 51 130 1.6 64 750 4.6 1.7 50 670 4.7 2 44
250,0.025 4 0.38 2.7 0.36 61 2.3 0.36 64 0.15 1.3 3 1.3 3.3 0.36 69 1.5 3.3 0.36 61
250,0.05 8.6 0.44 6 0.44 59 5.7 0.44 60 1.2 0.48 23 7 3.8 0.44 58 5.6 3.8 0.45 53
250,0.1 19 0.57 13 0.57 55 13 0.57 58 3.9 0.59 34 20 4.1 0.56 58 20 4.3 0.56 58
250,1 410 2 230 2.1 44 240 2.1 47 190 1.8 68 750 4.1 2.1 48 720 4.2 2.9 48

Table2: Like table1, but for function2.
Experiment CV REACT REDACT GML REACTm REDACTm
n; � � MSE � MSE % � MSE % � MSE % � m MSE % � m MSE %
50,0.025 29 0.6 45 0.63 33 20 0.62 51 1.7 0.95 15 0.13 7.4 0.42 94 0.12 7.5 0.43 91
50,0.05 49 0.77 53 0.75 60 35 0.82 47 5.9 0.88 17 0.35 6.5 0.59 90 0.58 6.7 0.63 83
50,0.1 110 1.1 85 1.1 52 74 1.2 52 20 1.1 44 43 6 0.97 72 11 6.1 1.4 65
50,0.5 1400 2.3 380 2.3 53 350 2.5 46 280 1.9 67 820 5 2.1 63 520 5.1 2.8 54
100,0.025 22 0.45 20 0.44 55 14 0.45 53 0 1.6 0 0.75 6.4 0.33 94 0.69 6.5 0.41 84
100,0.05 40 0.6 32 0.59 51 29 0.6 56 3.8 0.67 26 11 6 0.5 88 8.8 6.1 0.6 81
100,0.1 70 0.76 49 0.8 49 47 0.83 45 11 0.85 28 86 5.4 0.75 58 48 5.6 1 55
100,0.5 370 1.6 230 1.8 47 220 2 44 150 1.6 63 830 4.9 1.7 50 620 4.9 2.5 46
250,0.025 14 0.28 11 0.27 54 10 0.27 55 0 1.6 0 0.95 5.6 0.22 90 0.82 5.7 0.22 87
250,0.05 27 0.37 19 0.37 52 19 0.37 51 1.6 0.99 15 11 5.5 0.32 73 11 5.6 0.33 70
250,0.1 52 0.49 37 0.5 55 37 0.5 53 5.7 0.56 21 35 5.7 0.45 72 35 5.8 0.45 72
250,1 530 2 290 2.2 57 290 2.5 51 230 1.7 60 780 4.9 2.1 60 770 5.1 2.8 59



Table3: Like table1, but for function3.
experiment cv REACT REDACT REACTm REDACTm
n; � � MSE � MSE % � MSE % � m MSE % � m MSE %
50,0.025 0.25 1.1 0.86 1.6 1 0.029 1.5 17 3.8e-07 4.2 1.3 12 0.004 4.9 0.97 89
50,0.05 0.54 1.4 0.98 1.6 15 0.12 1.9 32 0.078 4.3 1.3 69 0.095 4.8 1.4 80
50,0.1 1.6 1.9 1.3 1.8 57 0.42 2.2 43 0.04 4.2 1.7 77 0.068 4.7 1.9 66
50,0.5 5.6e+10 3.2 1.1e+8 3.1 62 1.1e8 3.5 52 7800 2.8 3.1 65 7700 2.8 3.9 56
100,0.025 0.18 0.78 0.29 0.83 23 0.094 0.8 53 0.036 4 0.69 87 0.004 4.7 0.66 94
100,0.05 0.41 1 0.38 1 60 0.21 1 64 6.8e-07 4.1 0.91 97 0.0078 4.5 0.99 94
100,0.1 0.83 1.3 0.6 1.3 60 0.43 1.4 57 0.19 3.9 1.2 86 0.086 4 1.5 77
100,0.5 1.1e10 2.6 6.6e6 2.5 60 6.6e6 2.6 65 33000 2.7 2.5 58 33000 2.9 3.2 47
250,0.025 0.11 0.52 0.1 0.5 58 0.07 0.51 65 0.071 3.9 0.43 98 0.036 4 0.48 97
250,0.05 0.21 0.68 0.17 0.67 65 0.14 0.68 53 0.075 3.8 0.61 93 0.048 3.8 0.69 90
250,0.1 0.5 0.91 0.31 0.89 62 0.29 0.89 64 0.84 3.6 0.84 86 0.43 3.7 0.99 83
250,1 1.2e10 3.1 1.3e6 2.9 64 9e6 2.9 56 1.5e4 2.5 2.9 65 1.5e4 2.5 3.2 62

Table4: Like table1, but for function4.
experiment cv REACT REDACT REACTm REDACTm
n; � � MSE � MSE % � MSE % � m MSE % � m MSE %
50,0.025 0.67 1.1 2.3 1.3 3 0.15 1.3 36 0.039 4.6 1.3 4 0.52 3.6 1.2 33
50,0.05 2.1 1.3 2.7 1.3 38 0.64 1.6 38 0.12 4.5 1.3 44 0.35 4.2 1.5 38
50,0.1 5.2 1.6 4 1.5 66 1.9 2 48 0.54 4 1.5 75 0.15 4.2 2 49
50,0.5 2.7e10 3.1 6.3e7 2.8 63 6.3e7 3.1 59 2500 3.3 2.8 53 2000 3.7 3.8 41
100,0.025 0.46 0.77 0.63 0.8 27 0.2 0.76 66 0.038 3.7 0.8 29 0.15 3.6 0.89 57
100,0.05 1.2 0.98 1 0.95 57 0.63 1 59 0.21 3.6 0.96 43 1.5 3.3 1.3 39
100,0.1 3.1 1.2 2.1 1.2 57 1.7 1.2 56 4.4 3.7 1.2 63 12 3.7 1.5 51
100,0.5 2200 2.2 34 2 57 31 2 54 1000 3.3 2.1 37 890 3.6 2.8 34
250,0.025 0.21 0.52 0.16 0.5 61 0.11 0.5 65 0.38 3.2 0.5 67 0.38 3.3 0.6 57
250,0.05 0.58 0.65 0.33 0.63 63 0.28 0.64 54 2.5 2.9 0.64 55 0.76 2.8 0.8 48
250,0.1 1.6 0.81 0.94 0.79 58 0.87 0.79 61 19 3.1 0.81 42 7.8 3.2 0.97 40
250,1 1.7e9 2.6 130 2.6 53 140 2.6 51 1900 3 2.6 35 2000 3.1 3 34
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Figure1: The �rst plot shows the empiricalshrinkagecoef�cients ĝ for a Monte Carlo
realizationof (eq0)with n = 100, � = 0:05, ands is function3. Thesolid line shows
the�tted shrinkagecoef�cients usingtheREACT choicefor � . Thedashedline shows
the �tted shrinkagecoef�cients whenboth � andm areobtainedusing the REACT
criterion. The secondplot shows the weightsâi s andb̂j s usedin the weightedleast
squaresequationusedto obtaintheREACT criterion.
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Figure2: Theseareplotsof the4 functionsusedin thesimulation.
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Figure3: Thepointsarethe48measurementsof activity takenevery30minutesduringone
day for an AKR mice,The grey region denotesthe unbiasedestimateobtainedusingthe
meanof the47 dayswe have observationsfrom surroundedby pointwisestandarderrors.
Thesolid line is theestimateobtainedusingtheREACT criterion. The2 dottedlinesare
theestimatesobtainedwith theCV andGML criteria.


